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QUADRATIC FORMS OF HEIGHT TWO
BY
ROBERT W. FITZGERALD

ABSTRACT. Quadratic forms of height two and leading form defined over the base
field are determined over several fields. Also forms of height and degree two over an
arbitrary field are classified.

Knebusch, in his theory of generic splitting fields, defines the height of a quadratic
form q over a field F of characteristic not 2. A form ¢ has height 1 if ¢ splits over
F(q), where F(q) denotes the function field of the projective variety ¢ = 0, and a
form g has height n > 1 if, over F(q), q has height n — 1.

The (even-dimensional) forms of height 1 are Pfister forms and their scalar
multiples. This is a restatement of the well-known fact that Pfister forms are the only
(anisotropic) strongly multiplicative forms. We consider here forms of height 2 and
obtain a classification in several cases. Forms of height 2 are of interest because they
are the simplest possible forms aside from Pfister forms. Nonetheless, such forms
remain somewhat mysterious, and a complete classification appears to be extremely
difficult.

This paper extends Knebusch’s work, particularly the last two sections of [13].
From the remarks above, we have that (even-dimensional) ¢ has height 2 if and only
if ker(g ® F(q)) is a scalar times some Pfister form p. The degree of ¢ is n if p is an
n-fold Pfister form (or 0 if ¢ is odd dimensional). Particular attention is given to the
case where p is defined over F—gq is then called a good form. Knebusch has shown
any form of degree 1 and height 2 is good and has classified these. However, height 2
forms need not in general be good.

§1 studies good forms of height 2. Such forms of degrees 0 and 2 are classified. By
placing relatively strong restrictions on F, all good forms of height 2 may be
determined. In particular, there is a classification for fields of transcendence degree
< 4 over C, transcendence degree < 2 over R, global fields and Q((?)).

§2 considers forms of height and degree 2. Although we do not obtain a complete
description (except in a few cases), such forms are shown to be one of five types. -
This is sufficient for some applications. For example, if ¢ has height and degree 2
then the Witt Kernel W(F(q)/F) is a Pfister ideal.

Notation and terminology will be taken from [15], except we will write ker(q) for
the anisotropic part of a form ¢. The discriminant of ¢ will be denoted by d(q); thus
d(q) = (-1)""~Y/2det(q), where n = dim q.
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PF [P,F] denotes the set of F-Pfister forms [resp. n-fold F-Pfister forms]. GPF
denotes the set of forms similar to an F-Pfister form; similarly for GP,F. We denote
the pure part of a Pfister form p by p’. That is, p’ is the uniquely determined
subform p such that p = p’ L (1). A form ¢ is a Pfister neighbor if there is a
p € GPF and a form 7 such that p = ¢ L 7 and dim g > dim 7. The form 7 is the
complementary form of q.

An ideal 4 of the Witt ring WF of F is a Pfister ideal it is is generated by Pfister
forms. It is a {n,,...,n, }-Pfister ideal if the generators can be taken as n-fold
Pfister forms, 1 < i < k. The ideal 4 is a strong n-Pfister ideal if each anisotropic
form in A is isometric to a sum of multiplies of n-fold Pfister forms in A.

Throughout the paper we will use the terminology of Knebusch for function fields,
generic splitting towers, etc.; see [12, 13]. In particular, excellent forms are defined
inductively by: All forms of dimension < 1 are excellent. A form ¢ of dimension
> 2 is excellent if ¢ is a Pfister neighbor and the complementary form of g is
excellent. Let W(F(q)/F) denote the kernel of the homomorphism of Witt rings
WF — WF(q) induced by the field extension F(q)/F. The ideal J.F = {q €
Wf|deg g > n)}. For a nonhyperbolic form g set N(g) = dim g — 2984,

We write X, for the set of orderings on F. A form ¢ is indefinite at « € X if
Isgn, g| < dim g; q is indefinite if it is indefinite at all « € X . The Hasse number of
F, @i(F), is defined to be sup{dim q }, where ¢ ranges over all anisotropic indefinite
F-forms.

1. Good forms of height two.

DEFINITION. A form g over F is a good form if the leading form of g is defined
over F.

Examples of good forms are excellent forms (cf. [13]). We wish to classify height
two good forms in several instances. First we summarize Knebusch’s work on good
forms.

THEOREM 1.1 (KNEBUSCH). Let q be an anisotropic form of height 2 and degree
n = 1 such that 1 € D(q). Then:

(1) q is good iff ¢ = pmod J, | F for some n-fold Pfister form p.

(2) q is excellent iff ¢ = apo’, witha € F, p an n-fold and o an i-fold Pfister form,
iz 2.

(3) Suppose q is good, but not excellent, with leading form p. Then q ® F(p) is
anisotropic and lies in GP, F(p), with m > n + 1; in particular, dim g = 2™. Further,
the Witt index i(q — p) =2/, j > 0, and q and p have as a common divisor a j-fold
Pfister form.

PrOOF. [13, 9.6,10.1 and 10.5].

PROPOSITION 1.2. Let q be an anisotropic form of odd dimension. Then the following
are equivalent:

(1) q is good of height 2.

(2) q is excellent of height 2.

B)g=y(po’ L <l>), where p € P,F,n > 2,06 € PFandy = d(q).
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PROOF. (1) = (2). We have

ker(¢ ® F(q)) = yp’ ® F(q),
for some p € P,F (m>2) and y € F(q). Taking discriminants yields y =
d(g)mod F(q)>. Then

ker(q ® F(q)) =d(q)p’ ® F(q),

so g is excellent by [13, 7.14].

(2) = (3). Let 7 be the associated Pfister form of ¢ and « its complementary form.
So, ¢ L a = tr, for some ¢ € F, with dima < 4 dim7 and dima odd. Since q is
excellent of height 2, by [13, pp. 3-4] « is excellent of height 1. Hence, a = yp’ for
somey € F, p € P,Fand n > 2. Then a ® F(p) is isotropic, so 7 splits over F(p)
and so p|r. By [4, 1.4], 7 = po, for some 0 € PF. From the isometry ¢ L yp’ = t7,
we obtain that for any ¢ € D(p’) C D(7), yct € D(7). Hence yt € D(1) and

gLy’ =tr=yr=y(po’ L(1)Lp).
Condition (3) follows by cancelling yp’ from each side and computing the discrimi-
nant.

(3) = (1). Since g L yp’ = ypo, g ® F(q) = -yp’ ® F(q), so q is a good form of
height 2.

Throughout the remainder of this section, we assume g is an even-dimensional

anisotropic form.
The classification theorem we would like for height 2 good forms is:

(1.3) q is a height 2 good form of degree n if and only if q is isometric to either:

(1) apo’, witha € Fpe P,Fando € P,F, for somem > 2, or

(2) pq,, withp € P,_,F,dimq, = 4 and d(q,) &€ D(p). Further q is excellent iff q
is of type (1).

It is easy to check that forms of types (1) and (2) are good forms of height 2 and
degree n. The last statement follows from (1.1). Knebusch [13, 10.3] has shown for
forms of degree 1 that a height two form is good and (1.3) holds.

LEMMA 1.4. Let q be a anisotropic form and suppose q = xp L q,, where x € F,
p € P,Fanddegq, = m > n + 2. If q has height 2 then p|q.

PRrOOF. The leading form of q is p by [13, 9.5]. For some a € F(q), {(a,-x)p ®
F(q) = g, ® F(q). Since (a,—x>p is similar to a (n + 1)-fold Pfister form and
deg q; > n + 1, we must have

(a,-x)p® F(g)=0 and (g~ xp)® F(q) = 0.

Then g — xp is similar to an anisotropic Pfister form by [13, 7.13] (cf. also [9, 1.6]).
Thus ¢ ® F(p) = 0 and p|q.

Following [7] we say a field extension K/F is excellent if for every F-form gq,
ker(q ® K) is defined over F (see [7, 2.1] for equivalent definitions).

PROPOSITION 1.5. Let q be an anisotropic form of height 2 that is good but not
excellent. Suppose the leading form of q is defined by p € P,F. If F(p)/F is excellent,
then dimq = 2"+,
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PROOF. We may assume 1 € D(q); ¢ = xp L ¢, with x € F, and deg ¢, > n + 1,
by (1.1). Suppose dim g > 2"*!. Since ¢ is not excellent, by [13, 10.1] we have that
q ® F(p) is an anisotropic Pfister form of degree > n + 2. By [7, 2.10] there is a
o0 € P, F (mzn+2) such that 6 ® F(p) = q ® F(p). Hence, g = 0 L pg, with
dim g, odd.

Letd = d(q,). Theng, L (d) = q; € I*F. So

g=-dp Lpg; Lo.
Since deg(pg; L o) = n + 2, p|q by (1.4), which contradicts (1.1).

THEOREM 1.6. The classification (1.3) holds for forms of degree 2.

PROOF. Let ¢ be a good, but not excellent, form of height and degree 2. We need
only show g is of type (2). But Arason [1] has shown F(p)/F is excellent for 2-fold
Pfister forms p. Thus dim ¢ = 8 by (1.5) and g is divisible by a binary form by [13,
10.8). That is, ¢ = ({a))q,, with dim g, = 4. Since deg g = 2 we see that d(q,) &
D({{a))) as required.

Note that the good forms of height and degree 2 are precisely the forms in /%F
having Clifford invariant equal to a quaternion algebra (cf. [13, 9.5]).

We have not been able to classify good forms of height 2 and degree > 3 without
restricting the field F. We first consider fields with small Hasse number.

LEMMA 1.7. Let q be an anisotropic good, but not excellent, form of height 2 and
degree n > 1. Suppose

k
g=ol ii—lxipl mod Jn+2’

where 6 € P F, each x, € F, p, € P, \F and k < 2. Then dimgq = 2"*".

PrOOF. We need only consider the case k = 2 (if k = 1, take p, = 2" - (1,-1)).
Set r = ker(p, — p,) € J, 1 F.
Suppose dim g > 2"*!. Then ¢ ® F(o) is similar to a Pfister form of degree at
least n + 2 (1.1). That is, (x,p; L x,p,) ® F(0) € J,,,F(0). Since
dim(x,p; L x,p,) = 2""2,
(x1p, L x,p,) ® F(0) € GP, ., F(0),
(x1py L x,0,) ® F(0,p) =0,
sop, ® F(o) = p, ® F(o). Hence, 7 ® F(0), and then 7 = oy for some form y.
Since r € J,, , F,dimy is even. Then dimy = 2 or 0, as dim 7 < 2"*2. Thus
g=o-{(a,b,c) modJ,,F,
= —abco mod J, ,, F.

we have

Then o|q by (1.4) and q is excellent [13, 10.1], a contradiction.

PROPOSITION 1.8. Suppose F is SAP and J,F N W,F C GP,F. Let q be an
anisotropic good, but not excellent, even-dimensional form of height 2. If degq = n >
m — 1, then

q =py, wherep € P, |Fanddimy = 4.
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PROOF. Write ¢ = 0 L gq;, witho € P,Fand degq, > n + 1 > m; we may assume
1 € D(q). It suffices to show dim g = dim¢; = 2"*! by (1.1).

CraM. It suffices to show thereisaj > n + 1 with {|sgn, q,|: « € Xz} € {0,2/}.

Given such a j, we may find e,, e, € F such that e, >0 if and only if
sgn,q; <0, and e, >_0 if and only if sgn,q, # 0, since F is SAP (cf. [14]). Set
t=2/"Ye,, ee,). Thenq, L 7 € J, F N W,F. By hypothesis, g, L 7 = ¢ for some
¢ € GP,F U {0}. If ¢ = 0, we are done by (1.4) and (1.1). Otherwise, deg ¢, > n +
1,degr>n+1and n + 1 > m, so we must have n + 1 = m. Then (1.7) implies
dimg = 2"*1.

Lastly, g, is the difference of scalar multiples of the two Pfister forms ¢ and 7, so
dimg, = 2"*! + 2/ — 2/, for some i < n + 1 (cf. proof of [4, 4.5]). However, by
(1.1), dimg, = 2"*' + 2" — 2/, some / < n. We obtain j =n + 1 =i, so dimg, =
2n+1.

We now show there is indeed a j such that {|sgn,q,|: @« € Xz} € {0,2/}. Let
dim g = 2%, where k > n + 1. Take any a € X, and let F, be a real closure of F with
respect to a. We have:

sgn, g = sgn,o + sgn,q;;

2"*lisgn _q,, asdeg(q, ® F,) > degq, > n + 1;
lsgn, q| = 0,2"or 2%, ash(q)=2;

sgn,o =0o0r2", aso € P F.

The possibilities for the signatures are thus:

q g 9
(a) 0 0 0
(b) _on " _2n+1
(©) 2" 2" 0
(d) +2k 0 +2kK

If both cases (b) and (d) occur, we must show n =k + 1. (Unless both cases
occur, the argument is already finished.) Suppose there are 8, § € X, with B of type
(b) and & of type (d). Set K = Fz N F;. Then K is Pythagorean and also SAP, since
| Xx| = 2, as |[K/K?| < 4. Because both B and § extend to K, ¢ ® K is anisotropic
and good, but not excellent, of height 2. Now choose e;, e, € K such that e, is
positive only at 8 and e, is positive only at 8. Set ¢ = -2"({e,)) and ¢ =
2k=1((e,)), if sgnyq =2% otherwise set y = -2¥"1((e,)). Then since K is
Pythagorean, ¢, ® K = ¢ L . Hence (1.7) implies 2 = dimq ® K = 2"*!, so k =
n+ 1.

THEOREM 1.9. Suppose F is SAP and J,F N W,F C GP,F. Then the classification
(1.3) holds for all q of degree n > 1.

PROOF. This follows from (1.8) and (1.6).
Fields of Hasse number < 16 satisfy the hypotheses of (1.9), namely if #(F) < 16
then F is 4-linked, hence SAP, [5, 3.5] and any anisotropic ¢ € J,F N W,F has
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dimension 16 and so lies in GP, F. Such fields include fields of transcendence degree
at most four over C, global, local and finite fields (cf. [3]). However there are fields
satisfying the hypothesis of (1.9) with even infinite Hasse number. For example, let
F be the power series field Q((¢)). F is SAP since it has only two orderings and J, F
is torsion-free since u( F') = 8, by Springer’s Theorem. But clearly i( F) = co.

We now prove the analogous theorem for fields of transcendence degree at most
two over R.

THEOREM 1.10. Suppose R C F and tr. dg F < 2. Then the classification (1.3) holds
for all forms q of degree n > 1.

PROOF. Let g be a good, not excellent, form of degree n > 3 and height 2. We
need only show ¢ is of type (2) by our previous work. We may assume g = p 1 q,,
withp € P, Fanddegq, > n + 1.

Step 1. (a) If deg ¢ = m > 3 then 2™ ?|y.

(b) Any € I*Fis expressibleasy = a L 8 L y witha, B € GP,Fandy € I'°F.

Using the theorem of Tsen-Lang, one can easily show (a) holds if ¢ is an m-fold
Pfister form. By [2, Satz 17), J,,F = I"'F is generated by m-fold Pfister forms, so (a)
holds for all § of degree m.

To prove (b), let K = F(Y-1). Then ¢ ® K € I’K = GP,K, by the theorem of
Tsen-Lang. Thus we can find an a € GP,F such that a ® K = ¢ ® K [6, 2.2]. So
Y — a = 2¢ for some ¢ € IF. Write ¢ = (1,-d(¢)) L ¢,, where ¢, € I*F; take
B=((1,-d(¢))) andy = 2¢,.

Step 2. dimgq = 2"+,

Using both parts of Step 1 we may find a, 8 € GP,F and y € I°F such that

g =2""alBLy).
g=p L2" l\a L 2" 'Bmod J,,,F.

Thus dim g = 2"*! by (1.7).

Step 3. Thereisa ¢ € P,_, F such that o|q.

We can write g = 2" %, with dim ¢ = 8, by Steps 1(a) and 2. By passing to
F(Y-1) and again using the theorem of Tsen-Lang, we obtain ¢ = ¢, L 2y, with
dim y, = 0,2 or 4. If dim ¢, = 0 then 2" '|g. If dim Y, = 2 then dim ¢, = 3, so
g ® FQ" %,)=2""",, which has degree n — 1 unless it is hyperbolic. Thus
2" lg.

Lastly, if dimy, =4, then dimy, = 2. In particular, 2", € GP,F. Since
deg g = n, deg2" %y, = n, so 2"~ %, € GP,F also. We need only show 2" 'y, and
2"~ %Y, are linked. We have

g=plqg = 2"_24’0 1 2"71‘1’1
and
-p L2, L2 €, F.

By [4, 4.8], 2"~ %y, and 2"~ 'y, are linked.



QUADRATIC FORMS OF HEIGHT TWO 345

2. Forms of height and degree two. We begin with a lemma due to Knebusch,
which is stated, but not proved, in [11]. We include a proof for completeness:

LEMMA 2.1 (KNEBUSCH). Let p be an anisotropic Pfister form and q a subform of p.
Then there is a Pfister form o such that ¢ < 6 < p and dego < dimg — 1.

PrROOF. We may assume 1 € D(gq). We use induction on dimg. the result is
trivially true if dim g = 1.

Suppose ¢ = (1, a,,...,a,), i > 1. If degp < i, we are done. Otherwise, by
induction, there is a Pfister form o, such that (1,a,,...,a;_,) <0, <p, and
dego, <i—1.Writeq L ¢ =p, (1,a,,...,a,_;) L §, =0,and p = g,p,, with p, €
PF. Cancellation yields

(a) Lo =y, Lop.

so a;,=c+ d, with c € D(y;) U {0} and d € D(o;p;) U {0}. If d = 0, then g < o,
and we are done. If d # 0, there is Pfister form p,,; such that p = ¢,({d))p,,, [4,
2.7). Seto = a,((d)).

The following is a straightforward generalization of [10, 1.2] ([10, 1.2] covers the
case p = (1)).

LEMMA 2.2. Let ¢ and y be anisotropic forms over F and p € PF (or p = (1)).
Suppose ¢ = ¥ L xp, for some x € F, and p|y. If W(F(Y)/F) is a strong n-Pfister
ideal then:

(1) W(F(¢)/F)isa{n,n+ 1}-Pfister ideal.

(2) If 6 € W(F(¢)/F) N P F, withk > n + 1, then there isa p € W(F(¢)/F) N
P, | F such that p|o.

REMARK. The proof is omitted since it requires only slight changes in the proof of
[10, 1.2]. Specifically, in each step of the proof for [10, 1.2] where one deduces (b) is
a subform of y (from b € D(y)), one now deduces bp is a subform of y (from
b € D(y) and p|y).

Several other results in [10], namely 1.3-1.5, 2.1, 2.2 and 2.4 may be similarly
generalized, either as a consequence of 2.2 or by changing their proofs in the same
way. We explicitly state one of these generalizations, without proof, since it will be
needed later.

LEMMA 2.3 (CF. [10, 1.4]). Let { be a neighbor of p € P, F such that 1 € D({). Let
¢ =y L xo be anisotropic, where x € F, 6 € PF (oro = <1>) and o|y. Then either:

(a) ¢ is a neighbor of p and W(F(¢)/F) = pWF, a strong n-Pfister ideal; or

(b) ¢ is not a neighbor of p and W(F(¢)/F) is a strong (n + 1)-Pfister ideal.

REMARK. Lemma 2.3 applies to any form of type (2) in (1.3). Namely, if ¢ = p
(a,b,c,d) then take y = p - (a, b, c), 0 = p.and x = d.

LEMMA 2.4. Let p, an{i p, be (n — 2)-linked n-fold Pfister forms, n > 2. Suppose
q = py L xp,, with x € F, is an anisotropic form of height 2. If W(F(q)/F) # 0 then
W(F(q)/F)isa {n+ 2, n + 3}-Pfister ideal.
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PROOF. Suppose p, = 10,, p, = 70,, where 7 € P, _,F and 0, 0, € P,F. Write
o, = ((a, b)) and set y = 7(0, L xo0;). Since 7(o, L (xa)) is a Pfister neighbor,
W(F(7(o, L {(xa, xb)))/F) is a strong k-Pfister ideal, k = n + 1 or n + 2 by (2.3).
Thus ¥ is either a Pfister neighbor or W(F(y)/F)isa {n + 2, n + 3}-Pfister ideal,
2.2).

Now g ® F(y) is isotropic and also ¢ ® F(q) is isotropic since

dim(ker(y L x7) ® F(q)) = 2" < dimy — dim 7.
Thus F(q) is equivalent to F(y) over F (in the sense of [12]) and W(F(q)/F) =
W(F(¥)/F).
Lastly, since dim g = 2"*! and ¢ has height 2, there are no (n + 1)-fold Pfister

forms in W(F(q)/F). Hence ¢ is not a Pfister neighbor and W(F(q)/F) is a
{n + 2, n + 3}-Pfister ideal.

LEMMA 2.5. Let q be an anisotropic form of height and degree 2. Then:
(1) Ifdimq = 8 then q = ap, L bp,, witha, b € Fandp,, p, € P,F,
(2) dim ¢ # 10.

PROOF. Choose an x such that ¢ ® F(yY—x ) is isotropic. If ¢ ® F(y-x) = 0 then
dim g # 10 (as deg ¢ = 2), and if dimg = 8 then (1) is clear. So we may assume
g ® F(y-x) # 0. Since h(q) = 2,

g=¢yL (1, x)¢; and g=ap, 1q,
with dim¢, = 4,p, € P,Fand deg ¢, = 2.

(1) If dim g = 8 then dim ¢, = 4. Thus ¢; € GP, F and we are done.

(2) If dim g = 10 then dim g, = 6. Thus ¢, = cker(p, — p;), where ¢ € F and p,,
p, are unlinked 2-fold Pfister forms.

Since dim(ker(q ® F(p,))) = 4, we have g; ® F(p,) isotropic with a kernel similar
to a 2-fold Pfister form. By Arason’s theorem [1] F(p,)/F is excellent, so there is an
e € F, p, € P,F and a form y such that

g =ep, Lpy and g=ep, L (¥ L (1)).
If dim ¢ is odd then q is good, contradicting (1.6). If dim ¢ is even, then
cpy — cp3 — epy = q, — epy € I°F.
By [4, 4.8] this implies p, and p, are linked, a contradiction.
COROLLARY 2.6. If q is an anisotropic form of dimension 10, then h(q) > 3.

Proor. Clearly A(q) > 2. If h(q) = 2 we cannot have deg ¢ = 1 by [13, 10.3] or
deg g = 2 by (2.5). Since deg ¢ < 2 by [16, Satz 14], we must have h(q) > 3.

THEOREM 2.7. Let q be an anisotropic form of height and degree 2. Then q is
isometric to one of the following:

(1) ape’, witha € Epe P,Fando € P,F,n > 2.

() ((a))q,, withdimgq, = 4, a € Fand d(q,) € D({{da))).

(3)a - ker(p, — p,), witha € F and p,, p, 2-fold Pfister forms, not linked.

(4) ap, L bp,, witha, b € F and p,, p, 2-fold Pfister forms, not linked.

(5) a-ker(o — {), witha € F, 0 € PsF and y a height 2 subform of o of types (3)
or (4).
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PRrOOF. If g is a good form, it is of types (1) or (2) by (1.6). Clearly dim g > 6 and
if dim g = 6 it is of type (3). If dim ¢ = 8, then g is a sum of scalar multiples of two
2-fold Pfister forms by (2.5). Thus ¢ is a type (2) or (4), depending on whether the
Pfister forms are linked. We can thus assume g is not excellent and dim g > 8.

We may assume ¢ = (1, x, y,...); set p, = ({x, y)). Then g ® F(p,) is iso-
tropic, but not zero since then ¢ would be excellent. By Arason’s theorem [1], there is
a € Fand p, € P, F such that

q = ap, L p,9, forsome ¢.
Note dim ¢ is odd, since otherwise g is a good form by (1.1).
Write ¢ = (b) L ¢,, with ¢, € I*F. Then
q=ap; L bp, L pyo,

and

dim(ker(q — ap, — bp,) ® F(q)) < 12.
Then p,¢, € I*F implies p,¢; ® F(q) = 0. Now

N(py9,) < (dimg + 8) — 16 < dimg,
S0 p,¢; = zo, withz € F, 0 € P,Fand n > 4 by 9, 1.6].

Since 0 ® F(q) =0, z’0 = q L ¢, for some z’ € F and form ¢, by the Cassels-

Pfister theorem. Thus
z’e=z0 Lap; Lbp, L ¢

and

(z',-z)a = ap, L bp, L y.
The dimension of the right-hand side is < dimo — dim g + 8, which is less than the
dimension of the left-hand side. So

z’o = zo, -y =ker(ap, L bp,)

and

zo0 = q 1 —ker(ap; L bp,).

Note that o # 0 since dimgq > 8. Also Y & GPF since otherwise y|q and g is
excellent.

CLAIM. F({) ~ ¢ F(q) and h(y) = deg(¥) = 2. :

Since dim y < 8 < dimgq, ¢ ® F(y) is isotropic. And ¢ ® F(q) is isotropic since
dim(ker(q ® F(q))) = 4 < dim y. Thus () ~ F(q). Now deg ¢ = 2 since dego >
4 and deg g = 2. Lastly, -y ® F(y) = ker(¢g ® F(y)) is similar to a Pfister form,
hence h(y) = 2.

From our previous work, dim y < 8 implies y is of types (2), (3) or (4).

Suppose y is of type (2). Then for some ¢ € F, ({c))|y. Since F(¢) ~ ,F(q) we
also have ((c) )|q. We may write

q={{(c))q,, ¢,=(1,d) mod I°F,
and
qg={{c,d)) mod I’F.

Thus q is a good form, contradicting (1.6).
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Suppose ¥ is of type (3). Recall n = deg 0. If n = 4 then dim ¢ = 10, contradicting
(2.5). Suppose n > 6. There is a o, € PsF such that zy < ¢, <o by (2.1). Now
q ® F(o) is isotropic so F(q) ~ F({) implies ¢ ® F(o) is isotropic. Thus o, ®
F(o) = 0, a contradiction. Hence n = 5 as desired.

Suppose ¢ is of type (4). If n = 4 then dim g = 8, a contradiction. Suppose n > 6.
Clearly W(F(y)/F) # 0. So there is a 0, € W(F(y)/F)NPF, i=4 or 5, by
(2.4). Again ¢ ® F(o) isotropic leads to the contradiction that 6, ® F(o) = 0. Thus
n = 5 as desired.

Theorem (2.7) is not a complete description of forms of height and degree 2 (but
see (2.13)). While any form of types (1), (2) or (3) is a form of height and degree two,
the same is not true of types (4) or (5). Indeed there are no known examples of forms
of types (4) or (5) which have height two (and it seems unlikely that such examples
exist). The construction of a height two form of type (5) would answer in the
negative Knebusch’s question (8.3) in [13].

However, (2.7) is strong enough for some applications.

COROLLARY 2.8. If q is an anisotropic form of height and degree 2 which is not
excellent, then dim q < 26.

COROLLARY 2.9. If q has height and degree 2 then W(F(q)/F) is either O or a
Pfister ideal.

PrROOF. We may assume g is anisotropic (otherwise F(q) is purely transcendental
over Fby[12,3.8] and W(F(q)/F) = 0). We use (2.7). If g is of types (1) or (5) then
q is a Pfister neighbor and the result is clear. The result holds for forms of type (4)
by (2.4) and type (2) by (2.3). Since forms of type (3) have dimension 6, [10, 2.4]
implies the corollary for this case.

Recall from [10, Remark after 4.1] that if ¢ is not similar to a Pfister form then for
each u € W(F(q)/F)dim q < 298 — 2% Also if equality holds, then either g is
a Pfister neighbor or W(F(q)/F) is not a Pfister ideal. This is of interest as there
are no known examples of Witt kernels of forms that are not Pfister ideals.

Using (2.7) we will show that equality cannot hold for g of degree < 2 unless g is
a Pfister neighbor.

LEMMA 2.10. Suppose q and  forms over F, with ¢ ® F(q) isotropic and ¢ ® F({)
anisotropic. Then h(q ® F(y)) = h(q).

PROOF. Let L = F(y). Let { K;|0 < i < h} be the standard generic splitting tower
of g and let g, = ker(q ® K;), 0 < i < h. Fori > 0, ¢ ® K, is isotropic (as K, O K,
= F(q)). so L - K, = K,(¢ ® K,) is purely transcendental over K, [12, 3.8]. Hence
g, ® L - K, is anisotropic. This is also true by hypothesis if i = 0, since K, = F and
go = q. It thus follows that h(q ® L) > h(q). But the reverse inequality always
holds, by [12, 5.13].

PROPOSITION 2.11. Let q be an even dimensional anisotropic form not similar to a
Pfister form. Suppose ¢ is a nonzero form in W(F(q)/F) such that dim q = 29%% —
29°¢9 Then h(q) = 2.
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PROOF. We may assume ¢ is anisotropic and 1 € D(g) N D(¢). Then ¢ = q L ¢,
for some form ¥, by the Cassels-Pfister theorem. Note that deg ¢ > deg g + 2 by [2,
Satz 18], so deg ¢ = deg . We use induction on A(¢).

If h(y)=1 then ¢ € GPF and ¢ ® F(q) =0 implies h(g) = 2. So suppose
h(y) > 1. Note that h(¢) > 1, since otherwise,

dim ¢y = dim¢ — dimg
= Qdeed _ (Qdead 208 ) = pdegy,

and h(y) = 1.

Let K = F(¢)and -’ = ker(- ® K).

CLAIM. deg ¢" = deg ¢, dim ¢’ = dim g and h(q’) = h(q).

First, deg ¢’ > deg¢ > degy. Since ¢’ = ¢’ L ¢’ we have degq’ = degy’ =
deg ¢y = degq.

Now suppose dim g’ # dim g, that is, ¢ ® F(¢) is isotropic. Then there is an
F-place F(q) » F(¢y)U o and ¢ ® F(¢) = 0. Since dim ¢ < 2 -
max{dim g, dim v }, [9, 1.6] implies #($) = 1, a contradiction.

Lastly, to show h(q’) = h(q), it suffices to show ¢ ® F(q) is isotropic by (2.10).
We have —-g ® F(q) =y ® F(q). If § ® F(q) is anisotropic we must have dim ¢ <
dim g. But then dim¢ < 2 - dim g and by [9, 1.6], #(¢) = 1, a contradiction.

Now since h(q’) = h(q), q' is not similar to a Pfister form. Clearly ¢ €
W(K(q')/K). In order to apply induction we need to show dim g’ = 24 ¢" — 2deeq’,
which follows from the claim above and the following:

CLAIM. deg ¢ = deg ¢'.

If not, then y is a subform of the leading form of ¢ [12, 6.11]. If L is the leading
field of ¢ then

(*) xker(¢ ® L) =y ® L L ¢
for some x € L and form n over L. Note that n # 0, since otherwise dim ¢ = 298 ¢,

N(¢) = dim¢ — 298¢ = dim g and [9, 1.6] implies h(¢) = 1. In particular, deg ¢ ®
L < deg ¢, so

dimn > Ddegn — 2deg4«®L > 2dcg¢.
We obtain from (*):

296 % > dim y + 298 ¥,
dim g + 2989 > dim  + 298V
dimgq > dim y.

But then dim ¢ < 2 - dim ¢ and again [9, 1.6] implies #(¢) = 1, a contradiction.
We may apply this induction to get 2 = h(q’) = h(q).

THEOREM 2.12. Ler g be an anisotropic form not similar to a Pfister form and
suppose ¢ is a nonzero form in W(F(q)/F) such thar dimgq = 29%¢ — 2de4_Jf
deg g < 2 then q is an excellent form of height < 2. In particular, q is a Pfister
neighbor.
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PROOF. We may assume ¢ is anisotropic.

Case 1. deg g = 0. Let L be a leading field and K a splitting field of ¢. Note that
g ® L is anisotropic, since otherwise there is an F-place F(q) > L U oo and
¢ ® L =0. Let -" denote ker(- ® L). Then there are x, y € L such that x¢' = ¢’
L (), since dim ¢’ = dim g = 2% — 1, Now y = d(gq) mod L2, 50 x¢' is defined
over F by, say, p. Note that K is equivalent to F(g) over F.Sop ® K=¢' ® K =0
implies p ® F(q) = 0. Since dim p = 29¢* < 2dim g, p € GPF by [9, 1.6], and q is
a codimension 1 Pfister neighbor. In particular, h(gq) = 1.

Case 2. deg q = 1. In this case h(g) = 2 by (2.11). Then ¢ is a codimension 2
Pfister neighbor, since otherwise dim g = 4, by [13, 10.3], which is impossible. In
particular, g is excellent.

Case 3. deg g = 2. Again h(q) = 2 by (2.11). Suppose q is not excellent. Then
dim g < 26 by (2.8) and so deg ¢ < 4. If deg ¢ = 3, then ¢ is similar to a Pfister
form by [2, Satz 18], which contradicts the result that A(q) = 2. If deg ¢ = 4 then
dim g = 12, so q is excellent by (2.7).

Lastly, we point out that forms of height and degree 2 can be determined over
some fields.

PROPOSITION 2.13. Suppose F(p)/F is excellent for all p € PyF. Then an aniso-
tropic form q has height and degree 2 if and only if q is isometric to either:

(1) apo’, witha € F,p € P,Fando € P,F,n > 2,

() ({a))q,, with diim g, = 4,a € Fand d(q,) € D({{a))), or

(3) a - ker( p, — p,), with a € F and p,, p, 2-fold Pfister forms, not linked.

PrOOF. We refer to (2.7); we need only show no form of types (4) or (5) has height
2.

Suppose q = ap; L bp, is a form of type (4). Then g = a(p, — p,) L ao, for
o = (1,ab)p, € P,F. Assume h(q) = 2. Now g ® F(o) is isotropic since
dim(ker(p, — p,)) = 6 and ¢ ® F(o) = a(p, — p,) ® F(o). Since g has height 2,
ker(q ® F(o)) is similar to a 2-fold Pfister form. Thus thereisa c € F,u € P,F and
a form ¢ such that ¢ = ¢p L oy by the hypothesis that F(o)/F is excellent and [7,
2.10]. But then g is a good form by (1.1) and hence of type (2), a contradiction.

Now suppose q is of type (5), that is, zo = g L ¢, where 0 € PsF and ¢ is of type
(3). Let p € PyF be a divisor of 6. Then ¢ ® F(p) = —¢ ® F(p). Again, since
dim ¢ = 6, ¢ ® F(p) is isotropic. The argument above then shows h(gq) > 3.

REMARK. The only case where it is known that F(p)/F is excellent for some
anisotropic p € P, F, n > 3, is where i(F) < 4 [8, 6.5]. And if a(F) < 4, then F is
linked and the conclusion of (2.12) is clear. However, there are no examples known
where F(p)/F is not excellent for p € PF.
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